Abstract. We investigate strongly separately continuous functions on a product of topological spaces and prove that if X is a countable product of real lines, then there exists a strongly separately continuous function f : X → R which is not Baire measurable. We show that if X is a product of normed spaces Xn, a ∈ X and σ(a) = {x ∈ X : |{n ∈ N : xn = an}| < ℵ 0 } is a subspace of X, equipped with the Tychonoff topology, then for any open set G ⊆ σ(a) there is a strongly separately continuous function f : σ(a) → R such that the discontinuity point set of f is equal to G.
Introduction.
In 1998 Omar Dzagnidze [2] introduced a notion of a strongly separately continuous function f : R n → R. Namely, he calls a function f strongly separately continuous at a point 2 ) 1/2 . In particular, the authors gave an example of a strongly separately continuous everywhere discontinuous function f : ℓ 2 → R. Recently, T. Visnyai in [6] continued to study properties of strongly separately continuous functions on ℓ 2 and constructed a strongly separately continuous function f : ℓ 2 → R which belongs to the third Baire class and is not quasi-continuous at every point. Moreover, T. Visnyai gave a sufficient condition for strongly separately continuous function to be continuous on ℓ 2 .
In this paper we study strongly separately continuous functions defined on a subspaces of a product t∈T X t of topological spaces X t equipped with the Tychonoff topology of pointwise convergence. We show that if X is a product of a sequence (X n ) ∞ n=1 of topological spaces X n , a ∈ X and σ(a) = {x ∈ X : |{n ∈ N : x n = a n }| < ℵ 0 } is a subspace of X, equipped with the Tychonoff topology, then every strongly separately continuous function f : σ(a) → R belongs to the first stable Baire class. Moreover, we prove that if X is a countable product of real lines, then there exists a strongly separately continuous function f : X → R which is not Baire measurable. In the last section we show that if X is a product of normed spaces, then for any open set G ⊆ σ(a) there is a strongly separately continuous function f : σ(a) → R such that the discontinuity point set of f is equal to G.
Strongly separately continuous functions and S-open sets
Let X = t∈T X t be a product of a family of sets X t with |X t | > 1 for all t ∈ T .
X t , then we denote by a x S a point (y t ) t∈T , where
In the case S = {s} we shall write a x s instead of a x {s} . If n ∈ N, then we set σ n (x) = {y = (y t ) t∈T ∈ X : |{t ∈ T : y t = x t }| ≤ n} and
Each of the sets of the form σ(x) for an x ∈ X is called a σ-product of the space X.
We denote by τ the Tychonoff topology on a product X = t∈T X t of topological spaces X t . If X 0 ⊆ X, then the symbol (X 0 , τ ) means the subspace X 0 equipped with the Tychonoff topology induced from (X, τ ). If X t = Y for all t ∈ T then the product t∈T X t we also denote by Y m , where
Let S(X) denote the collection of all S-open subsets of X. We notice that S(X) is a topology on X. We will denote by (X, S) the product X = t∈T X t equipped with the topology S(X).
The next properties follow easily from the definitions.
is the smallest S-open set which contains x; (4) if E ∈ S(X), then E is dense in (X, τ ). S-open sets, which we will call S-components of E.
Definition 2.2. Let (X t : t ∈ T ) be a family of topological spaces, Y be a topological space and let E ⊆ t∈T X t be an S-open set. A mapping f : E → Y is said to be separately continuous at a point a = (a t ) t∈T ∈ E with respect to the t-th variable provided that the mapping g : X t → Y defined by the rule g(x) = f (a x t ) for all x ∈ X t is continuous at the point a t ∈ X t . Definition 2.3. Let E ⊆ t∈T X t be an S-open set, T be a topology on E and let (Y, d) be a metric space. A mapping f : (E, T ) → Y is called strongly separately continuous at a point a ∈ E with respect to the t-th variable if
• (strongly) separately continuous at a point a ∈ E, if f is (strongly) separately continuous at a with respect to each variable t ∈ T ; • (strongly) separately continuous on the set E, if f is (strongly) separately continuous at every point a ∈ E with respect to each variable t ∈ T . Proof. Necessity. Fix a topology T on E and consider the partition (σ(x i ) : i ∈ I) of the set E on S-components σ(x i ). We notice that f | σ(xi) = y i , where
Hence, f is strongly separately continuous on (E, T ).
Sufficiency. Put T = S. Fix x 0 ∈ E and show that f is continuous at x 0 on (E, S). Let x 0 ∈ σ(x i ) for some i ∈ I. Let us observe that x → x 0 in (E, S) if and only if x ∈ σ(x 0 ). Since f is strongly separately continuous at x 0 and σ(
Let (σ i : i ∈ I) be a partition of X = t∈T X t on S-components and f :
be a function such that f | σi ≡ const for all i ∈ I. Theorem 2.5 implies that f is strongly separately continuous on (X, τ ), since for every i ∈ I the set σ i is clopen in (X, S). The next example shows that it is not so in the case f | σi is a continuous functions on (σ i , τ ) for every i ∈ I. Example 2.6. Let X = R ℵ0 , (σ i : i ∈ I) be a partition of X on S-components and let σ(m) = {x = (x n ) ∈ X : |{n ∈ N : x n = m}| < ℵ 0 } for all m ∈ N. Consider a function f : X → R,
Then f | σi : (σ i , τ ) → R is continuous for every i ∈ I, but f is not strongly separately continuous at x = 0.
Proof. For every m ∈ N we put
Consequently, f is not strongly separately continuous at x = 0 with respect to the first variable.
Theorem 2.7. Let E ⊆ t∈T X t be an S-open subset of a product of topological spaces X t , (Y, d) be a metric space and let f : (E, τ ) → Y be a strongly separately continuous mapping at the point a = (a t ) t∈T ∈ E. Then f is continuous at the point a if and only if
Proof. Necessity. Suppose f is continuous at the point a and ε > 0. Take a basic neighborhood U of a such that d(f (x), f (a)) < ε for all x ∈ U and put T 0 = ∅. Then x a T0 = x, which implies condition (1). Sufficiency. Fix ε > 0. Using the condition of the theorem we take a finite set T 0 ⊆ T and a neighborhood U of a in (E, τ ) such that
, f (a)) < ε for all x ∈ U , which implies the continuity of f at a. Now assume T 0 = {t 1 , . . . , t n }. Since f is strongly separately continuous at a, for every k = 1, . . . , n we choose a neighborhood V k of the point a such that
Observe that x a {t1,...,t k } ∈ W for every k = 1, . . . , n and for every x ∈ W . Then for all x ∈ W we have
Hence, f is continuous at the point a.
The following corollary generalizes the result of Dzagnidze Proof. Fix an arbitrary point a ∈ E and a strongly separately continuous mapping f : (E, τ ) → Y . For ε > 0 we put T 0 = T and U = E. Then for all x ∈ U we have x a T0 = a and consequently d(f (a), f (x a T0 )) = 0 < ε. Hence, f is continuous at the point a by Theorem 2.7.
The proposition below shows that Corollary 2.8 is not valid for a product of infinitely many topological spaces. Proposition 2.9. Let X = t∈T X t be a product of topological spaces X t , where |X t | > 1 for every t ∈ T , let |T | > ℵ 0 and (Y, d) be a metric space with |Y | > 1. Then there exists a strongly separately continuous everywhere discontinuous mapping f : (X, τ ) → Y .
Proof. Fix x 0 ∈ X and y 1 , y 2 ∈ Y , y 1 = y 2 . According to Proposition 2.1(5),
We prove that f is everywhere discontinuous on X. Indeed, let a ∈ X and f (a) = y 1 . Take an open neighborhood V of y 1 such that y 2 ∈ V . If U is an arbitrary neighborhood of a in (X, τ ), then there is x ∈ U \ σ(x 0 ) by Proposition 2.1 (4). Then f (x) = y 2 ∈ V . Therefore, f is discontinuous at a. Similarly one can show that f is discontinuous at a in the case f (a) = y 2 .
Since the set σ(x 0 ) is clopen in (X, S), the mapping f : (X, S) → Y is continuous. It remains to apply Theorem 2.5.
Baire measurable strongly separately continuous functions
Let B 0 (X, Y ) be a collection of all continuous mappings f : X → Y . Assume that the classes B ξ (X, Y ) are already defined for all 0 ≤ ξ < α, where α < ω 1 . Then f : X → Y is said to be of the α-th Baire class, f ∈ B α (X, Y ), if f is a pointwise limit of a sequence of mappings f n ∈ B ξn (X, Y ), where ξ n < α. Denote
We say that f : X → Y is a Baire measurable mapping, if f ∈ B(X, Y ).
Let 0 ≤ α < ω 1 , X be a metrizable space, Y is a topological space and let Z be a locally convex space. W. Rudin [5] proved that every mapping f : X × Y → Z, which is continuous with respect to the first variable and is of the α-th Baire class with respect to the second one, belongs to the (α + 1)-th Baire class on X × Y . The following proposition is an easy corollary of the Rudin Theorem. Proof. The assertion of the proposition is evident if n = 1 and is exactly the Rudin Theorem if n = 2. Now assume that the proposition is true for all 2 ≤ k < n and prove it for k = n. Denote X = n−1 i=1 X i . Then f : X × X n → Z belongs to the (n − 2)-th Baire class with respect to the first variable by the inductive assumption and f is continuous with respect to the second variable. Applying the Rudin Theorem we have f ∈ B n−1 (X × X n , Z).
The next result shows that the corollary of Rudin's Theorem is not valid for infinite products. Proposition 3.2. There exists a strongly separately continuous function f : (R ℵ0 , τ ) → R which is not Baire measurable.
Proof. Consider a partition (σ i : i ∈ I) of R ℵ0 on S-components σ i . It is not hard to verify that |I| = c. Denote by F the collection of all functions f :
Since for every i ∈ I the set σ i is clopen in (R ℵ0 , S), f is continuous on (R ℵ0 , S). Then f is strongly separately continuous on (R ℵ0 , τ ) according to Proposition 2.5.
there exists a sequence of mappings f n ∈ B αn (X, Y ), where α n < α, such that for every x ∈ X there exists N ∈ N such that f n (x) = f (x) for all n ≥ N .
X n , E = σ(a) and let f : (E, τ ) → R be a function.
(1) If f is strongly separately continuous, then
If f is separately continuous and X n is metrizable for every n ∈ N, then f ∈ B d ω0 (E, R). Proof. For every n ∈ N we put
If f is strongly separately continuous, then by Theorem 2.8 every g n is continuous on E n . Then f n : (E, τ ) → R is a continuous extension of g n .
In the second case g n ∈ B n−1 (E n , Z) by Proposition 3.1 for every n. It is not hard to verify that f n ∈ B n−1 (E, Z).
Now if x ∈ E, then there is N ∈ N such that x ∈ E n for all n ≥ N . Therefore, f n (x) = f (x) for all n ≥ N . Hence, f ∈ B 
Proof. For every n ∈ N we take a function h n ∈ B n+1 (R, Y ) \ B n (R, Y ). According to the Lebesgue Theorem [4] for every n ∈ N there exists a separately continuous function g n : R n+2 → Y such that
for each x ∈ R. Evidently, g n is not of the n-th Baire class on R n+2 . Let ϕ : R → Y be any continuous function such that {0} = ϕ −1 (0). For n ∈ N we consider a function f n : E → Y ,
Then the function f n : E → Y is separately continuous as the product of two separately continuous functions. Moreover,
For every x ∈ E we put
Observe that f : E → R is separately continuous as the sum of the uniformly convergent series of separately continuous functions.
It remains to show that
Then we have g ∈ B n (E n+2 , Y ), since
for every k = 1, . . . , n − 1. Therefore,
which implies a contradiction.
Discontinuities of strongly separately continuous mappings
For a mapping f between spaces X and Y we denote the set of all points of continuity of f by C(f ) and let D(f ) = X \ C(f ). Proof. Without loss of generality we may assume that a = (0, 0, . . . ). For every n ∈ N we consider a norm · n on the space X n which generates its topological structure and let d be a bounded metric on X which generates the Tychonoff topology τ . Denote X 0 = (σ(a), τ ) and Hence, f is strongly separately continuous on X 0 .
